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Thermal loadingIn this paper, an analytical method is presented to investigate the nonlinear buckling and expansion
behaviors of local delaminations near the surface of functionally graded laminated piezoelectric compos-
ite shells subjected to the thermal, electrical and mechanical loads, where the mid-plane nonlinear geo-
metrical relation of delaminations is considered. In examples, the effects of thermal loading, electric ﬁeld
strength, the stacking patterns of functionally graded laminated piezoelectric composite shells and the
patterns of delaminations on the critical axial loading of locally delaminated buckling are described
and discussed. Finally, the possible growth directions of local buckling for delaminated sub-shells are
described by calculating the expanding forces along the length and short axis of the delaminated sub-
shells.
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Functionally graded material (FGM) is microscopically inhomo-
geneous composites composed of some different materials along a
determined direction (Reddy, 2000; Shen, 2005; Shariyat, 2009a).
By gradually changing the volume fraction of constituent materi-
als, the properties of FGM appear in a smooth and continuous var-
iation from one surface to another, so that the interface stress
concentration usually taking place in laminated composite struc-
tures can be eliminated. Therefore, FGM have been potential for
the engineering application for tailoring the desired thermo-
mechanical properties. Piezoelectric materials are widely utilized
in modern engineering due to its direct and inverse electro-
mechanical effects (Shariyat, 2008, 2009b). Investigations on the
usage of piezoelectric layer in active structure control as noise
attenuation, deformation control and vibration suppression have
been presented. As the usage of these materials increases, the com-
posite structures consist of the ﬁber reinforced layer, piezoelectric
material layer and FGM layer have been the focus in the engineer-
ing application of smart structure. Thus, it is important to under-
stand the deformation and failure characteristics of FGM
laminated piezoelectric composite structures under various loads
(Sheng and Wang, 2011, 2009a,b; Sarangi and Ray, 2013).
Numerous studies on the FGM and piezoelectric material struc-
tures subjected to mechanical, thermal and electrical loads have
been performed. Assuming that the material property of the FGMbeam was graded in the thickness direction according to a simple
exponent-law distribution, a thermo-elastic solution of FGM hy-
brid beam with simply-supported edges under pressure and ther-
mal loads was presented (Alibeigloo, 2010; Alibeigloo and Chen,
2010). Shen (2009) investigated the compressive postbuckling of
shear deformable functionally graded piezoelectric plate under
thermal loading. Malekzadeh et al. (2012) presented the dynamical
analysis of pressurized rotating multi-layered FGM cylindrical
shells in thermal environment, in which the variations of the ﬁeld
variables across the shell thickness were described by dividing the
shell into a set of layers along the radial direction. Wu (2007)
investigated the deformation characteristics of functionally graded
laminated piezoelectric cylindrical shells subjected to coupling
bend and electromechanical loads utilizing the perturbation meth-
od. Based on Fourier differential quadrature and polynomial differ-
ential quadrature methods, Alashti and Khorasnd (2011) described
three-dimensional thermo-elastic analytical method of a FGM
cylindrical shell with piezoelectric layers under the asymmetric
thermo-electro-mechanical loads. Sheng and Wang (2010) investi-
gated the coupling thermopiezoelectric elastic problem of FGM
laminated composite shells subjected to moving mechanical loads
and sudden temperature change, where active vibration was con-
trolled by using piezoelectric layers embedded on the surface of
functionally graded shell.
Because of the manufacturing defects and the surface dam-
ages induced by impact with lower energy, the local delamina-
tion near the surface of laminated structures is one of main
failure modes, so that the delamination failure along the inter-
face of laminated structures has been concerned in the optical
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(2010) investigated the effect of hybrid laminate lay-up with dif-
ferent delamination positions in composite laminated beam. Pre-
dicting the damage and expanding extents of delaminations is
essential to the continued employment of laminated composite
structures in various engineering applications. Naghipour et al.
(2011) studied the delamination mode in multidirectional lami-
nate structures subjected to fatigue loading by simulating and
experimental methods.
Because laminated composite structures are often subjected to
loading in-plane, delaminated sub-structures easily appear in local
buckling. Therefore, the delaminated buckling of laminated com-
posite structures under various loads is one of the most critical
problems in composites engineering application and is much at-
tended. Delaminations (sub-laminations) near the surface of lami-
nated structures are much smaller than the layer number of
laminated structures (base-laminations), so that the deformation
of delaminations is free and the boundary of the local delamination
is ﬁxed at the interface between sub-lamination and base-lamina-
tion. In previous literature, many investigations on the delaminat-
ed buckling of laminated composite structures have mainly
focused on the delaminated buckling of ﬁber reinforced laminated
structures. Tsouvalis and Garganidis (2011) described the effect of
some delamination parameters on the delaminated buckling char-
acteristics of laminated composite structures. Based on the modi-
ﬁed variational principle and a nonlinear spring-layer model, Li
(2012) presented a three-dimensional analytical model to study
delaminated buckling for laminated composite cylindrical shells.
Chirica and Beznea (2012) described the effect of delaminations
on the buckling and postbuckling characteristics of the laminated
composite plates subjected to shear and compression loadings.
Obdrzˇáleka and Vrbkab (2011) investigated the buckling and post-
buckling behavior of delaminations in laminated composite plates
with irregularly delaminated shapes. Based on laminated plate the-
ories, Kharazi et al. (2010) presented an analytical method to study
the delaminated buckling behavior of the composite laminates
with through-the-width delaminations. Craven et al.(2010) inves-
tigated delaminated buckling for a carbon ﬁbre composite lami-
nate with multiple delaminations of realistic shape subjected to
compression loading by utilizing a ﬁnite element model. Tay
(2003) gave an overview on characterization and analysis of
delamination fracture in laminated composite structures. Ren
(2008) presented an investigation into the buckling of orthotropic
piezoelectric rectangular laminates with weak interfaces based on
the state-space formulation established directly from the three-
dimensional theory of elasticity. Bruno and Greco (2000) gave a
continuous analysis method to calculate one-dimensional model-
ing of failure in laminated beams and plates. Meng et al. (2010) re-
ported the result of an investigation into the buckling
characteristics for the local delamination near the surface of piezo-
electric laminated shells, where local delaminated sub-shells may
be monolayer and multiplayer. However, investigations on buck-
ling behaviors of local delaminated sub-shells near the surface of
FGM-laminated piezoelectric composite shells under thermal, elec-
trical and axial compressed loads have not presented in literatures
because of its complexity.
In this paper, an analytical method is presented to investigate
the nonlinear buckling characteristics for local delamination near
the surface of FGM laminated piezoelectric composite shells sub-
jected to coupling electric, thermal and mechanical loads, where
FGM laminated piezoelectric composite shells consist of FGM lay-
ers, piezoelectric layers and carbon ﬁber reinforced layers and
the stack sequence of delaminated patterns near the surface of
FGM laminated piezoelectric composite shells is arbitrary. The
nonlinear temperature distribution along the thickness of FGM is
given by solving the thermal conductive equation of FGM shell.The piezoelectric layers bonding the internal and external surface
of FGM laminated piezoelectric composite shells are taken as ac-
tive control layer by radial polarizing. The carbon ﬁber layer in
FGM laminated piezoelectric composite shells is used to enhance
the strength and stiffness of the FGM laminated piezoelectric com-
posite shells. The material properties of carbon ﬁber layer and pie-
zoelectric layer are taken as a function of temperature change. In
examples, the stacking patterns of FGM laminated piezoelectric
composite shells are, respectively, taken as [P0/30/60/90/FGM/
90/60/30/P0] and [P0/0/45/45/FGM/45/45/0/P0], in which
P0 represents piezoelectric layer, and the other layers present ﬁber
reinforced layers. The stacking patterns of locally delaminated sub-
shells are [P0], [P0/30] and [P0/0]. The results show the effects of
thermal loading, electric ﬁeld, stacking pattern and delaminated
pattern on the critical loading of locally nonlinear delaminated
buckling. Finally, by calculating the expanding forces along the
length and short axis of elliptical delaminations, the possibly
expanding directions of locally nonlinear buckling for the elliptical
delaminations are described and discussed.
2. Calculating model and basic equations
Fig. 1 shows that a FGM (Functionally Graded Material) lami-
nated piezoelectric composite shells is composed of FGM layer, ﬁ-
ber reinforced layers and piezoelectric layers, where the ﬁber layer
and piezoelectric layer embedded on inner and outer surfaces of
the FGM laminated piezoelectric composite shells is acted as rein-
forced and actuator effects. When the surface of FGM laminated
piezoelectric composite shells is impacted by objects, a local
delamination with arbitrary sequence may occur near the surface
of the FGM-laminated piezoelectric shells. Because FGM layer is a
single layer and the piezoelectric ﬁber reinforced layers is symmet-
rical to the FGM layer, only the tension and bending coupling effect
of locally delaminated sub-shells is considered in the present mod-
el. Here, R; hb andhs, respectively represent the mid-plane radius,
the thickness of FGM laminated piezoelectric shells and the thick-
ness of delaminations, where hb=R  1 and hs=hb  1. The axial,
circumferential and radial directions of FGM-laminated piezoelec-
tric shells are denoted by global coordinate system (x; y; z) ﬁxed at
the mid-plane of FGM-laminated piezoelectric shells. The geomet-
ric axes of delaminations are denoted by the local coordinate sys-
tem (x0; y0; z0) ﬁxed at the mid-plane of delaminated sub-shells. The
angle between the axes x and x0 in two coordinate systems is de-
ﬁned as u. The material’s main axes of the ﬁber reinforce and pie-
zoelectric active layers are deﬁned by (1;2;3), and the angle
between the material’s main axes 1–2 and the global coordinate
axis x–y is deﬁned by h.
The material property of FGM layer is described using a simple
rule of mixtures composed of metal and ceramic (Fig. 1), and varies
along the thickness of FGM layer according to a power low, as
follows:
Feff ðzÞ¼ FoVðzÞþFið1VðzÞÞ; VðzÞ¼ zþhf =2hf
 U
; 0:5hf 6 z60:5hf
ð1Þ
where Feff is used to effectively describe the variation of elastic
modulus, mass density, Poisson’s ratio, thermal expansion coefﬁ-
cient and the thermal conductivity of functionally graded materials
along the thickness hf of FGM layer, Fo and Fi denote the material
property of the outer surface (z ¼ 0:5hf ) and inner surface
(z ¼ 0:5hf ) of the FGM layer, respectively, and U denotes the vol-
ume fraction exponent ðUP 0Þ.
Expanding Eq. (1), the effective elastic modulus, thermal
expansion coefﬁcient and thermal conductivity of FGM layer are
written as
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Fig. 1. Calculation models and coordinate systems of FGM laminated piezoelectric composite shells with local surface delamination.
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Fig. 2. Temperature distributions along the thickness of FGM laminated piezoelec-
tric composite shells [P0/30/60/90/FGM/90/60/30/P0], where U expresses the
volume fraction exponent of FGM layer, DTi ¼ 50 C, DT0 ¼ 200 C.
896 W.D. Yang et al. / International Journal of Solids and Structures 51 (2014) 894–903Eeff ¼ ðEc  EmÞ zþ0:5hfhf
 U
þ Em; aeff ¼ ðac  amÞ zþ0:5hfhf
 U
þ am;
jeff ¼ ðjc  jmÞ zþ0:5hfhf
 U
þ jm; 0:5hf 6 z 6 0:5hf
ð2Þ
where Poission’s ratio meff of FGM layer depending weakly on tem-
perature change is taken as a constant.It is clear that the temperature distribution along the thickness
of functionally graded laminated structures is dependent on differ-
ent thermal boundaries and interface conditions between two lay-
ers, for example when the pertinent boundary conditions is taken
from reference Alibeigloo (2011), the actual temperature distribu-
tion along the thickness of functionally graded shell with piezo-
electric layers is in the form of Bessel function. However, in the
present model, due to the thickness of piezoelectric composite lay-
ers is much smaller than that of FGM layer, only the thermal con-
duction effect of FGM layer is considered as shown in Fig. 2, and
the temperature change along the thickness of piezoelectric com-
posite layers is assumed as uniform distribution, which is well
agreement with the practical fact.
The temperature ﬁeld along the thickness of FGM layer is writ-
ten as
TðzÞ ¼ Tc  TcmR 0:5hf
0:5hf dz=jeff ðzÞ
Z z
0:5hf
dz
jeff ðzÞ ; 0:5hf 6 z
6 0:5hf ð3ÞTc ¼ Ti ¼ Tð0:5hf Þ; Tm ¼ To ¼ Tð0:5hf Þ ð4Þ
where Tcm ¼ Tc  Tm is the temperature difference between the in-
ner surface and the outer surface of the FGM layer.
Considering the temperature effects and assuming that the pie-
zoelectric layer is polarized along the radial direction, the physical
relation for the k layer of FGM laminated piezoelectric composite
shells is written as
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where DTk ¼ TðzÞ is the temperature change along the thickness of
FGM laminated piezoelectric composite shells, ½Qij, faig, fdig, fFig,
fpig, fqig and Ez express the stiffness coefﬁcient, thermal expansion
coefﬁcient, piezoelectric coefﬁcient, electric displacement, pyro-
electric coefﬁcient, permittivity coefﬁcient, and the electric ﬁeld
strength along the z direction, respectively.
The material proprieties of FGM layer (0:5hf 6 z 6 0:5hf ) is
inhomogeneous isotropic, as follows:
Qk11 ¼ Eeff1m2
eff
; Qk12 ¼ meff Eeff1m2
eff
¼ Qk21; Qk22 ¼ Eeff1m2
eff
; Qk66 ¼ Eeff2ð1þmeff Þ
ak1 ¼ ak2 ¼ aeff ðzÞ; fdig ¼ fpig ¼ fqig ¼ Ez ¼ 0
ð7Þ
The material proprieties of ﬁber reinforced layer
(0:5hf 6 jzj 6 0:5hb) are given by
Qk11 ¼ E11m212 ; Q
k
12 ¼ m12E11m212 ¼ Q
k
21; Q
k
22 ¼ E21m212 ; Q
k
66 ¼ G12
ai1 ¼ a1; ai2 ¼ a2; fdig ¼ fpig ¼ fqig ¼ Ez ¼ 0
ð8Þ
where subscripts 1 and 2 express the elastic constants and thermal
expansion coefﬁcients of material’s main directions 1–2,
respectively.
For piezoelectric layer (0:5hf 6 jzj 6 0:5hb), fdig, fpig, fqig and Ez
are nonzero value.
The mid-plane displacements of FGM laminated piezoelectric
composite shells along the global coordinate system x; y; z are de-
noted by u;v ;w, respectively. For an axial symmetric problem,
the mid-plane strains of FGM laminated piezoelectric composite
shells in the global coordinate system (x; y; z) are expressed as
e0x ¼
du
dx
; c0xy ¼
dv
dx
; e0y ¼
2pðRwÞ  2pR
2pR
¼ w
R
ð9Þ
The relationship between the membrane force and the strain in
the mid-plane of FGM laminated piezoelectric composite shells
subjected to thermal loading and electric loading is written as
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where ½Aij represents the tensional stiffness of mid-plane of FGM
laminated piezoelectric composite shells, Nx;Ny andNxy represents
the membrane forces of the mid-plane, fNTi g represents the mem-
brane force induced by thermal loading and fNEi g represents the
membrane force induced by the electric loading.
It is well known that the loading forms of axial edge tractions
and edge moment exerted on the ends of shell structures are, gen-
erally, used to study the global buckling characteristics of intact
FGM laminated shells. However, the local buckling for delaminated
sub-shells in FGM laminated piezoelectric base-shells is mainly in-
duced by axial loading. To simplify the complex process solving lo-
cally delaminated buckling near the surface of functionally graded
laminated piezoelectric shells, the axial strain as a practical dis-
placement loading is considered in the present model.From Eqs. (9) and (10), the displacements u;v andw of FGM
laminated piezoelectric composite shells only under an axial load-
ing e0 are given by
u ¼ e0x; v ¼ ðb3e0 þ b4Þx; w ¼ Rb1e0  Rb2 ð11Þ
The corresponding strain ﬁeld of mid-plane is written as
ex ¼ e0; ey ¼ b1e0 þ b2; cxy ¼ b3e0 þ b4 ð12Þ
where
b1 ¼ A16A26A12A66A22A66A226 ; b2 ¼
A66ðNTyþNEyÞA26ðNTxyþNExyÞ
A22A66A226
b3 ¼ A12A26A16A22A22A66A226 ; b4 ¼
A22ðNTxyþNExyÞA26ðNTyþNEyÞ
A22A66A226
ð12aÞ
In Eq. (10), the membrane forces induced by thermal and elec-
tric loads are, respectively, written as
fNTi g ¼
Xp
k¼1
Z zk
zk1
½QijkfaigkDTkdz; i ¼ x; y; xy ð13aÞ
fNEi g ¼
Xp
k¼1
Z zk
zk1
½QijkfdigkEzdz; i ¼ x; y; xy ð13bÞ
where DTk and Ez represent, respectively, the temperature change
and the electric ﬁeld strength of the kth layer, faigk, fdigk and
½Qijk represent, respectively, the thermal expansion coefﬁcient, pie-
zoelectric coefﬁcient and stiffness matrix of the kth layer in the glo-
bal coordinate system (x; y; z), as follows:
faigk ¼ ½TðhkÞefaig; fdigk ¼ ½TðhkÞefdig;
½Qijk ¼ ½TðhkÞr½Qij½TðhkÞTr
ð13cÞ
where faig and fdig½Qij are, respectively, the thermal expansion
coefﬁcient, piezoelectric coefﬁcient and the stiffness matrix in the
material’s main axis (1–2). ½TðhkÞr and ½TðhkÞe express, respectively,
the stress transformation matrix and strain transformation matrix,
and is detailedly described in Appendix A.
As shown in Fig. 1, because the distance between origins of glo-
bal coordinate system and local coordinate system is taken as l0,
any point pðx; yÞ in global coordinate system ðx; yÞ can be described
by a local coordinate system ðx0; y0Þ, as follows
x ¼ l0 þ x0 cosu y0 sinu; y ¼ x0 sinuþ y0 cosu ð14Þ
Utilizing the translation between two coordinate systems,
the displacement components of FGM laminated piezoelectric
composite shells in the local coordinate system are expressed as
u0 ¼ ½x0 cos2uþðnx0 y0Þsinucosuny0 sin2ue0þ l0 cosue0
þnl0 sinue0þ l0dsinuþx0dsinucosuy0dsin2u
v 0 ¼ ½nx0 cos2uðny0 þx0Þsinucosuþy0 sin2ue0
þnl0 cosue0 l0e0 sinuþ l0dcosuþx0dcos2uy0dsinucosu
w0 ¼Rme0Rc
ð15Þ
The displacements of delaminations in the local coordinate axes
are denoted by u00;v 00;w00. Considering that the mid-plane radius of
delaminations satisﬁes R0 >> w00, the mid-plane strain, curvature
and twist curvature of delaminations based on a nonlinear shallow
shell theory is expressed as
ex0 ¼ @u00@x0  w
00
R0 sinuþ 12 ð@w
00
@x0 Þ
2
; ey0 ¼ @w00@y0  w
00
R0 cosuþ 12 ð@w
00
@y0 Þ
2
cx0y0 ¼ @u
00
@y0 þ @v
00
@x0  2 w
00
R0 sinu cosuþ @w
00
@x0
@w00
@y0 ;
kx0 ¼ @2w00@x02 ; ky0 ¼ @
2w00
@y02 ; kx0y0 ¼ 2 @
2w00
@x0@y0
ð16Þ
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cal coordinate axes (x0  y0) is expressed as
frgm ¼ ½Q mðfegm  fagmDTm  fdgmEzÞ ð17Þ
fegm ¼ f ex0 ey0 cx0y0 gT  zmf kx0 ky0 kx0y0 gT ; ð1 6 m 6 JÞ
ð18Þ
where the bias axial thermal expansion coefﬁcient fagm, the bias
axial piezoelectric coefﬁcient fdgm and the bias axial stiffness ½Q m
of the mth layer in the local coordinate system are, respectively,
shown as
fagm ¼ ½TðwmÞefagm; fdgm ¼ ½TðwmÞefdgm;
½Q m ¼ ½TðwmÞr½Q m½TðwmÞTr
ð19Þ
where the transformation matrices ½TðwmÞr and ½TðwmÞe of stress
and strain are the same as those in Eq. (13c), and wm ¼ u hm ex-
presses the angle between the local coordinate axis (x0  y0) and
the material’s main axis (1–2) of the mth layer.
Utilizing Eqs. (17) and (18), the elastic energy of the mth layer’s
in delaminated sub-shells based on the local coordinate system is
given by
Um ¼ 12
Z Z Z
Vm
fegTmfrgm
 
dVm ð20Þ
The total elastic energy of delaminations is written as
.
Usub ¼
XJ
m¼1
Um ¼ 12
R R
s fe0gT ½Asfe0g2fe0gT ½Bsfkgþfkg
T ½Dsfkg
 
dS
12
R R
S fe0gTðfNTgþfNEgÞfkg
Tðf MTgþf MEgÞ
 
dS
ð21Þ
where ½As; ½Bsand ½Ds represent, respectively, the tension stiffness,
the coupling tension-bending stiffness and the bending stiffness
of delaminations in the local coordinate system, which are detail-
edly expressed in Appendix A.
In Eq. (21), fNTg; f MTg; fNEg and f MEg represent, respectively,
the thermal force, the thermal moment, the electric force and the
electric moment in the mid-plane of delaminations, and are given
in Appendix A.
Only considering the polarization effect in the z direction of pie-
zoelectric layers, the electric potential energy in the nth piezoelec-
tric layer in delaminations in the local coordinate system is shown
as
UEn ¼ 12
Z Z Z
Vn
fEgTfDgndVn ð22Þ
When the number of piezoelectric layer of delaminations is J1,
the total electric potential energy of the delaminations is written as
UE ¼
XJ1
n¼1
UEn ð23Þ3. Critical loading and delaminated expansion
Here, the transverse and lateral displacements u00;v 00 and w00 in
the mid-plane deformation of delaminations are considered in
computing the strain energy of delaminations. Because the thick-
ness hb of FGM laminated piezoelectric composite shells is much
larger than the thickness hs of delaminations, the connecting mod-
el between locally delaminations and FGM laminated piezoelectric
composite shells is considered as ﬁxed connection. Thus, the corre-
sponding edge conditions of delaminations in the local coordinate
system ðo0x0y0Þ are written asu00jC ¼ u0; v 0jC ¼ v 00; w00jC ¼ w0;
@w00
@x0

C
¼ @w
00
@y0

C
¼ 0; on the edge C ð24Þ
From Eqs. (15) and (24), a non-linear buckling model of elliptic
delaminations satisfying the boundary conditions (24) is written as
u00 ¼ ½x0 cos2uþ ðb3x0  y0Þ sinu cosu b3y0 sin2ue0
þ ðcosuþ b3 sinuÞl0e0 þ l0b4 sinuþ x0b4 sinu cosu
 y0b4 sin2uþ ð1 x02=a2  y02=b2Þða0x0 þ a1y0Þ
v 00 ¼ ½b3x0 cos2u ðb3y0 þ x0Þ sinu cosuþ y0 sin2ue0
þ ðb3 cosu sinuÞl0e0 þ l0b4 cosuþ x0b4 cos2u
 y0b4 sinu cosuþ ð1 x02=a2  y02=b2Þða2x0 þ a3y0Þ
w00 ¼ Rb1e0  Rb2 þ 1 x
02
a2
 y
02
b2
 2
ða4 þ a5x02 þ a6y02 þ a7x0y0Þ
ð25Þ
where a ¼ f a0 a1 a2 a3 a4 a5 a6 a7 gT is called as a general
coordinate representing the displacement coefﬁcients of non-line-
ally buckling model for local delaminations.
Due to the transverse loading exerted on local delaminations is
equal to zero and the boundary displacement of local delamina-
tions is a given value, from Eqs. (21) and (23) the total potential en-
ergy of the local delaminations is expressed as
P ¼ Usub  UE
¼ Pfu00ðx0; y0; aiÞ; v 00ðx0; y0; aiÞ;w00ðx0; y0; aiÞ; e0; Ez;DTg ð26Þ
Applying variational principle for Eq. (26), yields
@P
@ai@aj

 ¼ 0; i; j ¼ 0;1;2:::7 ð27Þ
The eigen-equation of Eq. (27) is expressed as
j½C1 þ ecr ½C2j ¼ 0 ð28Þ
where ½C1and ½C2 are matrices related to the geometrical sizes,
material properties and stacking sequences of FGM laminated pie-
zoelectric composite shells and local delaminations. Substituting
Eq. 25 into Eq. 16 and utilizing Eqs. (17)–(28), the corresponding
eigenvalue ðe0 ¼ ecrÞ in Eq. (28) can be easily obtained. From the
corresponding solutions ecr of eigenvalue equation (28), the small-
est absolute value is expressed as the locally critical loading.
Here, the delaminated expansion following locally delaminated
buckling is investigated. It is certain that the expanding direction
of elliptical delamination is dependent on various factors. How-
ever, using an analytical method exactly describes the arbitrary
shape change of local delaminations near the surface of laminated
shells is difﬁcult and is not reported so far. The main object of this
paper is to give possibly expanding direction along two main axis
of an initial elliptical delamination by comparing the values be-
tween the expanding forces Gb and Ga along the short and length
axes of the elliptical delamination, so that an initial elliptical
delamination can be predicted to evolve into a stable likely circular
delamination or a likely slender crack. Therefore the result can be
used to a useful reference to various numerical methods for solving
the expansion of local delaminations of laminated structures.
Assuming that the requiring energy to produce a new delami-
nated interface is GC which is generally obtained by experiment,
the local delaminations will expand when the energy release rate
G of the local delaminations satisﬁes GP GC, in which G is ex-
pressed as
G ¼  dUsub
dS
þ Gc ð29Þ
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Fig. 3. Critical axial strain for local surface elliptical denomination [P0] in FGM
laminated piezoelectric composite shells [P0/30/60/90/FGM/90/60/30/P0]
under radial electric ﬁeld Ez and thermal loading DT, where U ¼ 1, DTi ¼ 50 C,
DTo ¼ 200 C and Ez ¼ 2e6 ðV=mÞ.
0 10 20 30 40 50 60 70 80 90
-0.010
-0.008
-0.006
-0.004
-0.002
0.000
εcr
ΔTo=100
oC
ΔTo=150
oC
 ΔTo=200
oC
ΔTo=250
oC
ΔTo=300
oC
ϕ
Fig. 4. Effect of thermal loading DT on the critical axial strain for local surface
elliptical denomination [P0] in FGM laminated piezoelectric composite shells [P0/
30/60/90/FGM/90/60/30/P0] under radial electric ﬁeld Ez , where U ¼ 1,
DTi ¼ 50 C, Ez ¼ 2e6 ðV=mÞ and hb=R ¼ 0:012.
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elliptically delaminated area, and Gc is the thin-ﬁlm strain energy of
local delaminations. Because the boundary of local delaminations
near the surface of laminated shells is close and the local
delaminations propagate in plane, the mixed effect of only crack
propagation modes I and II is considered in the expression of the
thin-ﬁlm strain energy of local delaminations, as follows
(Chai and Babcock, 1985):
Gc ¼
As22e20
2f 1
ððAs12Þ
2
f2  2A12As12 þ 1Þ ð30Þ
where f1 ¼ 1 ðAs12Þ
2
, f2 ¼ As11=As22, As11; As22 and As12 are the tension
and shear stiffness coefﬁcients of local delaminations in the local
coordinate system, A12 is the shear stiffness coefﬁcient of FGM lam-
inated piezoelectric shells and hs is the thickness of local
delaminations.
The variations of Usub and S give
dUsub ¼ @Usub
@a
daþ @Usub
@b
db; dS ¼ pðadbþ bdaÞ ð31Þ
Substituting Eq. (31) into Eq. (29) yields
G ¼ Ga þ Gb a
b
db
da
 
1þ a
b
db
da
 
ð32Þ
Ga ¼ 1
pb
@Usub
@a
þ Gc; Gb ¼ 1pa
@Usub
@b
þ Gc ð33Þ
where Ga and Gb represent the expanding force of local laminations
along the length axis and short axes of elliptical delaminations.
Substituting Eqs. (21) and (30) into Eq. (33), the expanding forces
Ga and Gb of local delaminations under electrical and thermal loads
can be obtained, in which the bigger one represents the possibly
expanding direction of the local delaminations.
4. Examples and discussions
In examples, the FGM laminated piezoelectric composite shells
are made from FGM layer, ﬁber reinforced layers and piezoelectric
layers, in which material properties are, respectively, expressed as
1. FGM layer:
EAl ¼ 70 GPa; ECe ¼ 151 GPa; lAl ¼ 0:3; lCe ¼ 0:3; hf ¼ 10 mm;
2. Carbon ﬁber reinforced layer:
E1 ¼ 138ð1 b1DTÞ GPa; E2 ¼ 8:96ð1 b2DTÞ GPa;
G12 ¼ 7:1ð1 b2DTÞ GPa
a1 ¼ 0:3ð1þ b1DTÞ106=C; a2 ¼ 28:1ð1þ b1DTÞ106=C;
hc ¼ 0:5 mm
3. Piezoelectric layer:
Ei ¼ 63ð1 b1DTÞ GPa; G12 ¼ 24:6ð1 b1DTÞ GPa;
ai ¼ 0:9ð1þ b1DTÞ106=C;
di ¼ 2:54ð1þ b1DTÞ1010 m=V; pj ¼ 20:ð1þ b1DTÞ106 C=m2 C;
Qj ¼ 15:3ð1þ b1DTÞ nF=m; ði ¼ 1;2Þ and ðj ¼ 1;2;3Þ;
hp ¼ 0:5 mm
where the material’s properties of carbon ﬁber reinforced layer and
piezoelectric layer are taken as linear functions of temperature
change, and the ratio coefﬁcients is considered as
b1 ¼ 0:5 103=C and b2 ¼ 0:2 103=C.The temperature distribution along the thickness of FGM piezo-
electric composite shells is nonlinear change as shown in Fig. 2. Be-
cause the thickness of piezoelectric composite layers is much
smaller than that of functionally graded layer, only the thermal
conduction effect of functionally graded layer is considered in
the thermal conduction model along the thickness of functionally
graded piezoelectric composite shells, and the temperature change
along the thickness of piezoelectric and ﬁber layers is assumed as
uniform distribution which is approach to a practical fact.
Fig. 3 shows the characteristics of critically axial strain for ellip-
tical delaminations [P0] near the surface of FGM laminated piezo-
electric composite shells [P0/30/60/90/FGM/90/60/30/P0]
subjected to the radial electric ﬁeld and thermal loading. It is seen
from Fig. 3 that the effect of the geometrical angle u of elliptical
delaminations on the critical axial strain of local buckling for the
delaminations is dependent on the ratio of thickness to radius of
FGM laminated piezoelectric composite shells. The critically axial
strain varies as the geometric angle u of local delaminations near
the surface of FGM laminated piezoelectric composite shells with
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Fig. 6. Comparison of critical strains for denominations [P0/30] and [P0/0] in two
laminated piezoelectric composite shells [A] and [B], where [A] = [P0/30/60/90/
FGM/90/60/30/P0], [B] = [P0/30/60/90/FGM/90/60/30/P0], U ¼ 1, DTi ¼ 50
C, DTo ¼ 200 C and Ez ¼ 2e6 ðV=mÞ.
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metric angleu of local delaminations is less than 15, then the crit-
ically axial strain nonlinearly decreases as the geometric angle u of
local delaminations increases. The critically axial strain decreases
as the thickness to radius ratio hb=R decreases.
It is plotted in Fig. 4 that the effect of temperature changes in
FGM laminated piezoelectric composite shells on the critical axial
strain of locally elliptical delamination. The effect of temperature
changes on the critical axial strain of locally elliptical delamination
is dependent on the geometric angle u of local delaminations and
the thickness to radius ratio. When the geometric axis of local del-
aminations is consistent with the geometric axis of FGM laminated
piezoelectric composite shells (u ¼ 0), the effect of temperature
changes on the critical axial loading of locally elliptical delamina-
tion is the maximum, and the temperature effect on the critical ax-
ial loading is gradually decreases as the geometric angle u of local
delaminations increases.
It is seen from Fig. 5 that the effect of the geometric angle u of
delaminations on the critical axial strain of the delaminations is
dependent on the pattern of delaminations and the thickness to ra-
dius ratio hb=R of FGM laminated piezoelectric composite shells.
When the geometric angle u of local delaminations is consistent
with the geometric axis of FGM laminated piezoelectric composite
shells with the thickness to radius ratio hb=R ¼ 0:036, the critical
axial strain for the delamination [P0] is much larger that for the
delaminations [P0/30], and the difference between results from
two delamination patterns [P0] and [P0/30] is gradually decrease
as the geometric angle u of the local delaminations increases.
The critical axial strain for the delamination [P0] is less than that
for the delaminations [P0/30] when the geometric angle u of local
delaminations is larger than 75.
It is seen from Fig. 6 that for the FGM laminated piezoelectric
composite shells with the thickness to radius ratio hb=R ¼ 0:009,
the critically axial strain for the local delamination [P0/30] near
the surface of FGM laminated piezoelectric composite shells [P0/
30/60/90/FGM/90/60/30/P0] approaches to that for the local
delamination [P0/0] near the surface of FGM laminated piezoelec-
tric composite shells [P0/0/45/45/FGM/45/45/0/P0]. The
critically axial strain for the local delamination [P0/30] near the
surface of FGM laminated piezoelectric composite shells [P0/30/
60/90/FGM/90/60/30/P0] with the thickness to radius ratio
hb=R ¼ 0:036 is larger than that for the local delamination [P0/0]0 15 30 45 60 75 90
-0.014
-0.012
-0.010
-0.008
-0.006
-0.004
-0.002
0.000
εcr
ϕο
 [P0],hb/R=0.036
 [P0/30
o],hb/R=0.036
 [P0],hb/R=0.009
 [P0/30
o],hb/R=0.009
Fig. 5. Comparison of results from two elliptical denominations [P0] and [P0/30] in
FGM laminated piezoelectric composite shells [P0/30/60/90/FGM/90/60/30/P0]
under radial electric ﬁeld Ez and thermal loadingDT , where U ¼ 1, DTi ¼ 50 C,
DTo ¼ 200 C and Ez ¼ 2e6 ðV=mÞ.
Fig. 7. The effect of FGM’ property on critical axial loading for local elliptical
denomination [P0] in FGM laminated piezoelectric composite shells [P0/30/60/
90/FGM/90/60/30/P0] under radial electric ﬁeld Ez and thermal loading DT ,
where, hb=R ¼ 0:036; U ¼ 1, DTi ¼ 50 C, DTo ¼ 200 C and Ez ¼ 2e6 ðV=mÞ.near the surface of FGM laminated piezoelectric composite shells
[P0/0/45/45/FGM/45/45/0/P0] when the geometric angle
u of local delamination is larger than 10.
Fig. 7 shows that the soft FGM material makes the critical load-
ing for locally delamination near the surface of functionally graded
laminated piezoelectric composite shells decrease when other
parameters are ﬁxed. When the stiffness of FGM layer decreases
about percent forty, the effect of FGM layer on locally delaminated
buckling is much smaller than that of piezoelectric composite lay-
ers. So that the critical loading for locally delamination is not only
decrease, but also the distribution of the critical loading for locally
delamination along the delamination angle appears in larger
change.
Fig. 8 shows the distributions of expanding forces along the
length and short axes of elliptical delaminations. The distribution
of expanding forces along the length and short axes is dependent
on the pattern of local delaminations. For the local delamination
[P0], the expanding forces G
b along the short axis of elliptical del-
aminations are larger than the expanding forces Ga along the
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Fig. 8. The expanding forces Ga and Gb for local surface delamination are,
respectively, along the length and short axis of elliptical delamination, where
FGM laminated piezoelectric composite shells [P0/30/60/90/FGM/90/60/30/
P0], surface delamination [P0], U ¼ 1; DTi ¼ 50 C; DTo ¼ 200 C; ðEz ¼ 2e6 ðV=mÞ
and hb=R ¼ 0:012.
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Fig. 9. Initial shape and possibly expanding shapes of local delamination, where
shape 1 expresses an initial elliptical delamination, and shape 2 and shape 3 express
a stable likely circular expanding shape or a likely slender crack, respectively.
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Fig. 10. The ﬁnite element model and net for calculating critical loading for local elliptic
piezoelectric composite shells.
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respectively, 0, 70 and 90, where it is seen that the expanding
direction of local delaminations will occur along the short axis of
elliptical delaminations, so that the elliptical delaminations possi-
bly expand into a stable circular delamination. For the local delam-
inations [P0/30], the expanding force G
b along the short axis of
elliptical delaminations approaches to the expanding force Ga
along the length axis, and is independent on the geometric angles
u of delaminations, where the expanding direction of delamina-
tions may occur either along the short axis or along the length axis
of elliptical delaminations.
Considering that the mixed effect of only crack propagation
modes I and II in the expression of the thin-ﬁlm strain energy of
local delaminations and comparing the values between the
expanding forces Gb and Ga along the short and length axes of
the elliptical delamination, an initial elliptical delamination can
be predicted to evolve into a stable likely circular delamination
or a likely slender crack as shown in Fig. 9.
Due to the report of study on locally buckling for elliptical del-
aminations near the surface of functionally graded laminated pie-
zoelectric shells is a few in literatures, an accurate veriﬁcation
for the present method by using existed results is difﬁcult. In order
to give a veriﬁcation example for the present method and solving
process, a ﬁnite element model is utilized to simulate axial buck-
ling for local elliptical delaminations near the surface of function-
ally graded laminated piezoelectric shells by means of Ansys
program system, where calculation parameters are the same as
those used in the present theoretical model. According to the the-
oretical analytical model as shown in Fig. 1, the graded change
characteristics of FGM along the thickness is simulated by dividing
the FGM layer into many thinner layers with the thickness same as
the thickness of single ﬁber layer, where the material properties of
each thinner layers are graded change along the thickness of FGM.
The corresponding ﬁnite element model and net are simpliﬁed as
shown in Fig. 10, in which quadratic quadrilateral layered shell ele-
ments (Shell-91) in Ansys program system are used for modeling
different material layers of functionally graded laminated piezo-
electric shells. The comparison of theoretical solution with ﬁnite
element simulation is shown in Fig. 11. Because the contact
characteristic of the interface layer between delaminated sub-shella
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Fig. 11. Effect of thermal loading DT on the critical axial strain for local elliptical
denomination [P0] near the surface of [P0/30/60/90/FGM/90/60/30/P0] lami-
nated piezoelectric composite shells, where U ¼ 1; DTi ¼ 50 C, Ez¼ 0 and
hb=R ¼ 0:012.
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by using contact elements, the locally critical loading from the
present theoretical solution without considering interface contact
is lower than that from the ﬁnite element solution. It is seen from
Fig. 11 that the maximum relative error between locally critical
loads from two different modes is about 6%, thus a simple veriﬁca-
tion of the present theoretical work is given.
5. Conclusions
In this paper, an analytical method is presented to investigate
nonlinear buckling for locally elliptical delaminations near the sur-
face of FGM laminated piezoelectric composite shells under cou-
pling thermal and electrical loads. Some main conclusions are
given by
(1) The inﬂuence of the angle u between the geometrical axis of
elliptical delaminations and the geometrical axis of FGM
laminated piezoelectric composite shells on the critical axial
strain of local buckling for the elliptical delaminations is
dependent on the thickness to radius ratio of FGM laminated
piezoelectric composite shells.
(2) The effect of temperature changes on the critical axial strain
of locally elliptical delamination appears in the maximum
when the geometric axis of delaminations is consistent with
the geometric axis of FGM laminated piezoelectric compos-
ite shells (u ¼ 0), and the effect of temperature change on
the critical axial strain gradually decrease as the geometric
angle u of delaminations increases.
(3) The difference between critical axial strains obtained from
two delaminated patterns [P0] and [P0/30] is gradually
decrease as the geometric angle u of delaminations
increases, and the critical axial strain for the local delamina-
tion [P0] is less than that for the delamination [P0/30] when
the geometric angle u of local delaminations is larger than
75.
(4) The inﬂuence of the stack sequences of FGM laminated pie-
zoelectric composite shells on the critically axial strain for
local delamination [P0] is dependent on the thickness to
radius ratios of FGM laminated piezoelectric composite
shells and the geometric angle u of the local delamination.(5) For the local delamination [P0], the expanding direction of
delaminations will occur along the short axis of the elliptical
delaminations, so that the elliptical delamination possibly
evolves into a stable circular delamination. For the local del-
aminations [P0/30], the expanding force G
b along the short
axis of elliptical delamination approaches to the expanding
force Ga along the length axis, thus to make the expanding
direction of the local delamination occur in either the short
axis or the length axis of elliptical delamination.
Acknowledgements
The authors wish to thank the National Science Foundation of
China under No. 11172165.
Appendix A
½TðhkÞr ¼
cos2 hk sin
2 hk 2 sin hk cos hk
sin2 hk cos2 hk 2 sin hk cos hk
sin hk cos hk  sin hk cos hk cos2 hk  sin2 hk
2
64
3
75
ðA-1Þ
½TðhkÞe ¼
cos2 hk sin
2 hk  sin hk cos hk
sin2 hk cos2 hk sin hk cos hk
2 sin hk cos hk 2 sin hk cos hk cos2 hk  sin2 hk
2
64
3
75
ðA-2Þ
½As ¼
XJ
m¼1
½Q mðhm  hm1Þ; ½Bs ¼ 12
XJ
m¼1
½Q mðh2m  h2m1Þ;
½Ds ¼ 13
XJ
m¼1
½Q mðh3m  h3m1Þ
ðA-3Þ
fNTg ¼
XJ
m¼1
½Q mfagmDTðzm  zm1Þ; ½ MT  ¼ 12
XJ
m¼1
½Q mfagmDTðz2m  z2m1Þ
½NE ¼
Xn
m¼1
½Q mfdgmEzðzm  zm1Þ; ½ ME ¼ 12
XJ
m¼1
½Q mfdgmEzðz2m  z2m1Þ
ðA-4Þ
where J is the layer number of locally delaminated sub-shells.
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